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BI-LEGENDRIAN STRUCTURES
AND PARACONTACT GEOMETRY
BENIAMINO CAPPELLETTI MONTANO
Abstract. We study the interplays between paracontact geometry and the
theory of bi-Legendrian manifolds. We interpret the bi-Legendrian connection
of a bi-Legendrian manifold M as the paracontact connection of a canonical
paracontact structure induced on M and then we discuss many consequences
of that result both for bi-Legendrian and for paracontact manifolds, as a clas-
sification of paracontact metric structures. Finally new classes of examples of
paracontact manifolds are presented.
1. Introduction
A bi-Legendrian manifold is by definition a contact manifold (M, η) foliated by
two transversal Legendrian foliations F1 and F2. More generally, if M is endowed
with a pair of transversal, not necessarily integrable Legendrian distributions, we
speak of an almost bi-Legendrian manifold. The study of such structures is rather
recent in literature, being started in the 90’s by the works of M. Y. Pang, P.
Libermann, N. Jayne et alt. on Legendrian foliations ([17], [19], [20]).
In this note we study some properties of bi-Legendrian manifolds. In partic-
ular we recognize that the theory of bi-Legendrian manifolds is closely linked to
paracontact geometry. We recall that paracontact manifolds are semi-Riemannian
manifolds which can be viewed as the odd dimensional counterpart of paracomplex
manifolds (see § 2.2 for a precise definition). These manifolds were introduced by
S. Kaneyuki in [18] and then studied by other authors. More recently, there seems
to be an increasing interest in paracontact geometry, and in particular in para-
Sasakian geometry, due to its links to the more consolidated theory of para-Ka¨hler
manifolds and to their role in geometry and mathematical physics (cf. e.g. [1], [11],
[12], [13], [14]). Many progresses in that subject have been reached by some very
recent papers of D. V. Alekseevski, S. Ivanov, S. Zamkovoy and their collaborators
([2], [16], [22]). In particular in [22] a complete arrangement of all the theory is ob-
tained and it is introduced a canonical connection, called paracontact connection,
which reveals to be very useful in the study of paracontact manifolds.
The main result of this paper is that given an almost bi-Legendrian structure on
a contact manifold (M, η), it is induced onM a canonical paracontact metric struc-
ture, and conversely if we start from a paracontact metric manifold (M,ψ, ξ, η, g),
one can construct on M a canonical almost bi-Legendrian structure. This result
has many consequences, arising from the interplays between these two geometric
structures. In particular we are able to find new properties and new examples
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of both bi-Legendrian and paracontact manifolds. More precisely we provide a
classification of paracontact metric structures based on the Pang’s classification of
Legendrian foliations [20] and prove that, under some natural assumptions of in-
tegrability, the canonical paracontact connection of a paracontact metric manifold
coincides with the bi-Legendrian connection of the induced almost bi-Legendrian
structure, introduced in [7]. This last result yields a vanishing phenomenon of cer-
tain characteristic classes in a para-Sasakian manifold, providing an obstruction to
the existence of this structure. Moreover, we find some results on the curvature of
the canonical paracontact connection of a para-Sasakian manifold and characterize
flat para-Sasakian manifolds.
2. Preliminaries
2.1. Legendrian foliations. A contact manifold is a (2n+1)-dimensional smooth
manifoldM which admits a 1-form η satisfying η∧(dη)n 6= 0 everywhere onM . It is
well known that given η there exists a unique vector field ξ, called Reeb vector field,
such that iξη = 1 and iξdη = 0. We denote by D the 2n-dimensional distribution
defined by ker (η), called the contact distribution. It is easy to see that the Reeb
vector field is an infinitesimal automorphism with respect to the contact distribution
and the tangent bundle ofM splits as the direct sum TM = D⊕Rξ. A Riemannian
metric G on M is an associated metric for a contact form η if G (X, ξ) = η (X) for
all X ∈ Γ (TM) and there exists a tensor field φ of type (1, 1) onM such that φ2 =
−I + η ⊗ ξ and dη (X,Y ) = G (X,φY ) for all X,Y ∈ Γ (TM). From the previous
conditions it easily follows that φξ = 0, η ◦ φ = 0 and φ|D is an isomorphism. We
refer to (φ, ξ, η,G) as a contact metric structure and to M endowed with such a
structure as a contact metric manifold. A contact metric structure such that the
Levi-Civita connection satisfies
(2.1) (∇Xφ)Y = g(X,Y )ξ − η(Y )X
is said to be a Sasakian manifold. For more details we refer the reader to [5].
Note that the condition η ∧ (dη)n 6= 0 implies that the contact distribution
is never integrable. One can prove that the maximal dimension of an integrable
subbundle of D is n. This motivates the following definition.
Definition 2.1. A Legendrian distribution on a contact manifold (M, η) is an n-
dimensional subbundle L of the contact distribution such that dη (X,X ′) = 0 for all
X,X ′ ∈ Γ (L). When L is integrable, it defines a Legendrian foliation of (M, η).
Equivalently, a Legendrian foliation of (M, η) is a foliation of M whose leaves are
n-dimensional C-totally real submanifolds of (M, η).
Remark 2.2. Note that when L is involutive the condition that dη(X,X ′) = 0
for all X,X ′ ∈ Γ(L) is unnecessary. Indeed by the integrability of L one has
2dη(X,X ′) = X(η(X ′))−X ′(η(X))− η([X,X ′]) = 0.
Legendrian foliations have been extensively investigated in recent years from
various points of views. In particular M. Y. Pang provided a classification of Leg-
endrian foliations by means of a bilinear symmetric form ΠF on the tangent bundle
of the foliation, defined by ΠF (X,X
′) = − (LXLX′η) (ξ). He called a Legendrian
foliation F non-degenerate, degenerate or flat according to the circumstance that
the bilinear form ΠF is non-degenerate, degenerate or vanishes identically, respec-
tively. A geometrical interpretation of this classification is given in the following
lemma.
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Lemma 2.3 ([17]). Let (M,φ, ξ, η, g) be a contact metric manifold foliated by a
Legendrian foliation F . Then
(i) F is flat if and only if [ξ,X ] ∈ Γ (TF) for all X ∈ Γ (TF),
(ii) F is degenerate if and only if there exist X ∈ Γ (TF) such that [ξ,X ] ∈
Γ (TF),
(iii) F is non-degenerate if and only if [ξ,X ] /∈ Γ (TF) for all X ∈ Γ (TF).
An interesting subclass of non-degenerate Legendrian foliations is given by those
for which Π is positive definite. Then any such Legendrian foliation is called a
positive definite Legendrian foliation.
It should be remarked that analogous definitions can be given also for Legen-
drian distributions. Indeed let L be a Legendrian distribution and define a bilin-
ear map ΠL on L by setting ΠL(X,X
′) = − (LXLX′η) (ξ) for all X,X ′ ∈ Γ(L).
Then an easy computation yields ΠL(X,X
′) = −η([ξ,X ], X ′). Next, the condition
dη(X,X ′) = 0 implies that [X,X ′] ∈ Γ(D) and hence also [[X,X ′], ξ] ∈ Γ(D). Thus
ΠL(X,X
′) = −η([[ξ,X ], X ′]) = η([[X,X ′], ξ]) + η([[X ′, ξ], X ]) = −η([[ξ,X ′], X ]) =
ΠL(X
′, X) and we conclude that ΠL is symmetric. Therefore we can speak of
non-degenerate, degenerate and flat Legendrian distributions.
By an almost bi-Legendrian manifold we mean a contact manifold (M, η) en-
dowed with two transversal Legendrian distributions L1 and L2. Thus, in partic-
ular, the tangent bundle of M splits up as the direct sum TM = L1 ⊕ L2 ⊕ Rξ.
When both L1 and L2 are integrable we speak of a bi-Legendrian manifold ([8]). An
(almost) bi-Legendrian manifold is said to be flat, degenerate or non-degenerate if
and only if both the Legendrian distributions are flat, degenerate or non-degenerate,
respectively.
In [8] to any almost bi-Legendrian manifold it has been attached a canonical
connection which plays an important role in the study of almost bi-Legendrian
manifolds.
Theorem 2.4 ([7]). Let (M, η, L1, L2) be an almost bi-Legendrian manifold. There
exists a unique connection ∇bl such that
(i) ∇blL1 ⊂ L1, ∇blL2 ⊂ L2, ∇bl (Rξ) ⊂ Rξ,
(ii) ∇bldη = 0,
(iii) T bl (X,Y ) = 2dη (X,Y ) ξ for all X ∈ Γ(L1), Y ∈ Γ(L2),
T bl (X, ξ) = [ξ,XL1 ]L2 + [ξ,XL2]L1 for all X ∈ Γ (TM),
where T bl denotes the torsion tensor of ∇bl and XL1 and XL2 the projections of X
onto the subbundles L1 and L2 of TM , respectively, according to the decomposition
TM = L1 ⊕ L2 ⊕ Rξ.
Such a connection is called the bi-Legendrian connection of the almost
bi-Legendrian manifold (M, η, L1, L2). Its explicit definition is the following ([7]).
Let H : TM −→ TM be the operator defined by setting, for all Z,Z ′ ∈ Γ (TM),
H (Z,Z ′) the unique section of D satisfying iH(Z,Z′)dη|D = (LZ iZ′dη) |D. Then we
set ∇blξ := 0 and, for any X ∈ Γ(L1), Y ∈ Γ(L2), Z ∈ Γ (TM),
∇blZX := H (ZL1, X)L1 + [ZL2 , X ]L1 + [ZRξ, X ]L1 ,
∇blZY := H (ZL2 , Y )L2 + [ZL1 , Y ]L2 + [ZRξ, Y ]L2 .
Further properties of that connection are collected in the following proposition.
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Proposition 2.5 ([8]). Let (M, η, L1, L2) be an almost bi-Legendrian manifold and
let ∇bl denote the corresponding bi-Legendrian connection. Then the 1-form η is
∇bl-parallel and the torsion tensor field is given by T bl (X,X ′) = − [X,X ′]L2 for
all X,X ′ ∈ Γ(L1) and T bl (Y, Y ′) = − [Y, Y ′]L1 for all Y, Y ′ ∈ Γ(L2). Moreover, if
L1, L2 are integrable and flat, the curvature tensor field of ∇bl vanishes along the
leaves of the foliations defined by L1, L1 ⊕ Rξ, L2 and L2 ⊕ Rξ.
2.2. Paracontact manifolds. A (2n+1)-dimensional smooth manifoldM has an
almost paracontact structure ([18]) if it admits a (1, 1)-tensor field ψ, a vector field
ξ and a 1-form η satisfying the following conditions
(i) η(ξ) = 1, ψ2 = I − η ⊗ ξ,
(ii) denoted by D the 2n-dimensional distribution generated by η, the tensor
field ψ induces an almost paracomplex structure on each fibre on D.
Recall that an almost paracomplex structure on a 2n-dimensional smooth manifold
is a tensor field J of type (1, 1) such that J 6= I, J2 = I and the eigendistribu-
tions T+, T− corresponding to the eigenvalues 1,−1 of J , respectively, have equal
dimension n.
As an immediate consequence of the definition one has that ψξ = 0, η ◦ ψ = 0
and the field of endomorphisms ψ has constant rank 2n. Any almost paracontact
manifold admits a semi-Riemannian metric g such that
(2.2) g(ψX,ψY ) = −g(X,Y ) + η(X)η(Y )
for all X,Y ∈ Γ(TM). Then (M,ψ, ξ, η, g) is called an almost paracontact metric
manifold. Note that any such semi-Riemannian metric is necessarily of signature
(n+1, n). If in addition dη(X,Y ) = g(X,ψY ) for all X,Y ∈ Γ(TM), (M,ψ, ξ, η, g)
is said to be a paracontact metric manifold.
On an almost paracontact manifold one defines the tensor field N (1) = Nψ −
dη ⊗ ξ, where Nψ is the Nijenhuis tensor of ψ, defined as Nψ(X,Y ) = ψ2[X,Y ] +
[ψX,ψY ]−ψ[ψX, Y ]−ψ[X,ψY ]. IfN (1) vanishes identically the almost paracontact
manifold is said to be normal. We prove the following characterization of the
normality in terms of foliations.
Proposition 2.6. Let (M,ψ, ξ, η) be an almost paracontact manifold. Let T+
and T− be the eigendistributions of ψ|D corresponding to the eigenvalues 1,−1,
respectively. Then M is normal if and only if T+ and T− are involutive and ξ is
foliate with respect to both T+ and T−.
Proof. Assume that N (1) vanishes identically. In particular, for any X,Y ∈ Γ(T+)
we have
0 = [X,Y ]− η([X,Y ])ξ + [X,Y ]− ψ[X,Y ]− ψ[X,Y ]− 2dη(X,Y )ξ
= 2[X,Y ]− 2ψ[X,Y ],
so that the integrability of T+ follows. Moreover, for any X ∈ Γ(T+)
0 = N (1)(X, ξ) = ψ2[X, ξ]− ψ[ψX, ξ] = −ψ[X, ξ] + [X, ξ],
and hence [X, ξ] ∈ Γ(T+). In a similar way the analogous assertions for T− can
be proved. Conversely, assume that T+ and T− are both integrable. Then for all
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X,Y ∈ Γ(T+) we have
N (1)(X,Y ) = ψ2[X,Y ] + [ψX,ψY ]− ψ[ψX, Y ]− ψ[X,ψY ]− 2dη(X,Y )ξ
= [X,Y ] + [X,Y ]− [X,Y ]− [X,Y ] = 0
and, analogously, N (1)(X,Y ) = 0 for all X,Y ∈ Γ(T−). Next, if X ∈ Γ(T+) and
Y ∈ Γ(T−),
N (1)(X,Y ) = ψ2[X,Y ] + [ψX,ψY ]− ψ[ψX, Y ]− ψ[X,ψY ]− 2dη(X,Y )ξ
= [X,Y ]− η([X,Y ])ξ − [X,Y ]− ψ[X,Y ] + ψ[X,Y ]− 2dη(X,Y )ξ = 0.
Finally, for all X ∈ Γ(T+) we have N (1)(X, ξ) = [X, ξ] − ψ[X, ξ] = 0, since ξ is
foliate with respect to T+. Similarly one has N (1)(Y, ξ) = 0 for all Y ∈ Γ(T−). 
In a paracontact metric manifold one defines a symmetric, trace-free operator
h := 12Lξψ. h anti-commutes with ψ and satisfies hξ = 0 and ∇ξ = −ψ + ψh.
Moreover h ≡ 0 if and only if ξ is a Killing vector field and in this case (M,ψ, ξ, η, g)
is said to be a K-paracontact manifold. A normal paracontact metric manifold is
called a para-Sasakian manifold. We have the following characterization.
Theorem 2.7 ([22]). An almost paracontact metric structure (ψ, ξ, η, g) is para-
Sasakian if and only if, for all X,Y ∈ Γ(TM),
(2.3) (∇Xψ)Y = −g(X,Y )ξ + η(Y )X.
In particular, any para-Sasakian manifold is K-paracontact.
In any paracontact metric manifold S. Zamkovoy introduced a canonical connec-
tion which plays in paracontact geometry the same role of the generalized Tanaka-
Webster connection ([21]) in a contact metric manifold.
Theorem 2.8 ([22]). On a paracontact metric manifold there exists a unique con-
nection ∇pc, called the canonical paracontact connection, satisfying the following
properties:
(i) ∇pcη = 0, ∇pcξ = 0, ∇pcg = 0,
(ii) (∇pcXψ)Y = (∇Xψ)Y + g(X − hX, Y )ξ − η(Y )(X − hX),
(iii) T pc(ξ, ψY ) = −ψT pc(ξ, Y ),
(iv) T pc(X,Y ) = 2dη(X,Y )ξ on D = ker(η).
The explicit expression of this connection is given by
(2.4) ∇pcX Y = ∇XY + η(X)ψY + η(Y )(ψX − ψhX) + g(X − hX,ψY )ξ.
Moreover, the tensor torsion field is given by
(2.5) T pc(X,Y ) = η(X)ψhY − η(Y )ψhX + 2g(X,ψY )ξ.
An almost paracontact structure (ψ, ξ, η) is said to be integrable ([22]) if the
almost paracomplex structure ψ|D satisfies the condition Nψ(X,Y ) ∈ Γ(Rξ) for all
X,Y ∈ Γ(D). This is equivalent to require that the eigendistributions T± of ψ
are formally integrable, in the sense that [T±, T±] ⊂ T± ⊕ Rξ. For an integrable
paracontact metric manifold, the canonical paracontact connection shares many of
the properties of the Tanaka-Webster connection on CR-manifolds. For instance
we have the following result.
Theorem 2.9 ([22]). A paracontact metric manifold (M,ψ, ξ, η, g) is integrable if
and only if the canonical paracontact connection preserves the structure tensor ψ.
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In particular, from Theorem 2.9 and Theorem 2.7 it follows that any para-
Sasakian manifold is integrable.
3. The main results
In this section we prove that paracontact geometry and the theory of almost bi-
Legendrian manifolds are strictly connected. More precisely we have the following
result.
Theorem 3.1. There is a biunivocal correspondence between almost bi-Legendrian
structures and paracontact metric structures.
Proof. Let (M, η, L1, L2) be an almost bi-Legendrian manifold. We define a (1, 1)-
tensor field ψ on M by setting ψ|L1 = I, ψ|L2 = −I and ψξ = 0. Moreover we
put
(3.1) g(X,Y ) := dη(X,ψY ) + η(X)η(Y )
for all X,Y ∈ Γ(TM). We prove that (M,ψ, ξ, η, g) is in fact a paracontact metric
manifold. A straightforward computation shows that ψ2 = I − η ⊗ ξ. Moreover,
by construction, ψ induces an almost paracomplex structure on D since ψ|2
D
= I
and the eigendistributions corresponding to the eigenvalues 1,−1 of ψ|D are L1
and L2, respectively. It remains to check that g is a compatible metric such that
g(X,ψY ) = dη(X,Y ). Indeed we have, for any X,Y ∈ Γ(TM),
g(ψX,ψY ) = dη(ψX, Y − η(Y )ξ) + η(ψX)η(ψY )
= dη(ψX, Y )
= −g(X,Y ) + η(X)η(Y ).
Then g(X,ψY ) = dη(X,ψ2Y ) + η(X)η(ψY ) = dη(X,Y − η(Y )ξ) = dη(X,Y ) for
all X,Y ∈ Γ(TM). Conversely, let (M,ψ, ξ, η, g) be a paracontact metric manifold.
Then η ∧ (dη)n 6= 0 everywhere on M ([22]), that is η is a contact form on M . We
define an almost bi-Legendrian structure (L1, L2) on M by setting L1 := T
+ and
L2 := T
−. Note that T+ and T− are g-isotropic distributions, that is g(X,Y ) = 0
for all X,Y ∈ Γ(T±). Indeed by (2.2) one has g(X,Y ) = g(ψX,ψY ) = −g(X,Y ),
so that g(X,Y ) = 0. Consequently L1 and L2 are in fact Legendrian distribu-
tions on M , since they are n-dimensional subbundles of D = ker(η) satisfying
dη(X,X ′) = 0 for all X,X ′ ∈ Γ(L1), dη(Y, Y ′) = 0 for all Y, Y ′ ∈ Γ(L2), and they
are mutually transversal. 
From now on, we shall identify a paracontact metric manifold with the canonical
induced almost bi-Legendrian structure, according to Theorem 3.1. In the next
results, we shall investigate how that bijection acts on special classes of paracontact
metric manifolds.
Corollary 3.2. There is a biunivocal correspondence between flat almost
bi-Legendrian structures and K-paracontact structures.
Proof. First, we give an explicit expression of the tensor field h in terms of the bi-
Legendrian structure (L1, L2) which is identified with the pair of eigendistributions
(T+, T−) of the corresponding paracontact metric structure (ψ, ξ, η, g), according
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to Theorem 3.1. Indeed for any X ∈ Γ(L1), we have
hX =
1
2
([ξ,X ]− ψ([ξ,X ]L1 + [ξ,X ]L2)
=
1
2
([ξ,X ]− [ξ,X ]L1 + [ξ,X ]L2)(3.2)
= [ξ,X ]L2 .
Analogously one obtains that hY = −[ξ, Y ]L1 for all Y ∈ Γ(L2). Therefore
(ψ, ξ, η, g) is a K-paracontact structure if and only if both L1 and L2 are flat
as Legendrian distributions. This remark together with Theorem 3.1 proves the
assertion. 
Corollary 3.3. There is a biunivocal correspondence between bi-Legendrian struc-
tures and integrable paracontact metric structures.
Proof. We have only to prove that an integrable paracontact metric structure gives
rise to a bi-Legendrian structure. Let (M,ψ, ξ, η, g) be an integrable paracontact
metric manifold. According to Theorem 3.1 we define an almost bi-Legendrian
structure on (M, η) by setting L1 := T
+ and L2 := T
−. Since (ψ, ξ, η) is integrable
we have [Li, Li] ⊂ Li⊕Rξ, i ∈ {1, 2}. But Li are Legendrian distributions, so that
[Li, Li] ⊂ D, i ∈ {1, 2}. Hence L1 and L2 are necessarily involutive. 
Finally, the following result, which is a direct consequence of Theorem 3.1 and
Proposition 2.6, holds.
Corollary 3.4. There is a biunivocal correspondence between flat bi-Legendrian
structures and para-Sasakian structures.
We recall that, given an almost bi-Legendrian manifold (M, η, L1, L2), an al-
most bi-Legendrian equivalence is a contactomorphism f of M which preserves
the Lagrangian distributions L1 and L2, that is f
∗η = η, f∗xξx = ξf(x) and
f∗x(L1x) = L1f(x), f∗x(L2x) = L2f(x) for all x ∈ M ([20]). However, in view
of Theorem 3.1 this notion reflects in the corresponding paracontact structure as
follows.
Proposition 3.5. Let (M, η, L1, L2) be an almost bi-Legendrian manifold. Then a
diffeomorphism f :M −→M is an almost bi-Legendrian equivalence if and only if
it is an automorphism with respect to the induced paracontact metric structure.
Proof. We recall that an automorphism of a paracontact metric manifold
(M,ψ, ξ, η, g) is nothing but an isometry f : M −→ M such that ψ ◦ f∗ = f∗ ◦ ψ
and f∗η = η. Now let f be an almost bi-Legendrian equivalence. Then, by the
identification L1 ≡ T+, L2 ≡ T− one has, for all X ∈ Γ(L1) and Y ∈ Γ(L2),
ψf∗X = f∗X = f∗ψX and ψf∗Y = −f∗Y = f∗ψY , so that, since f∗ξ = ξ, it follows
that ψ ◦ f∗ = f∗ ◦ψ. Then, for all X,Y ∈ Γ(TM), g(f∗X, f∗Y ) = dη(f∗X,ψf∗Y ) =
dη(f∗X, f∗ψY ) = (f
∗dη)(X,ψY ) = dη(X,ψY ) = g(X,Y ). Conversely, if f is
an automorphism of the paracontact metric manifold (M,ψ, ξ, η, g), then for any
X ∈ Γ(L1) we have ψf∗X = f∗ψX = f∗X and, consequently, f∗X ∈ Γ(L1).
Analogously one can prove that f preserves the Legendrian distribution L2. 
In particular, Theorem 3.1 and Proposition 3.5 permits to provide a classifica-
tion of paracontact metric structures in the following way. Let (ψ, ξ, η, g) be a
paracontact metric structure on the contact manifold (M, η). By Theorem 3.1 we
8 B. CAPPELLETTI MONTANO
can associate with (ψ, ξ, η, g) a canonical almost bi-Legendrian structure (L1, L2).
Hence we can consider the bilinear forms ΠL1 and ΠL2 of each Legendrian distri-
bution, according to § 2.1. The bilinear forms ΠL1 and ΠL2 are invariant under
almost bi-Legendrian equivalences and hence, by Proposition 3.5, also under auto-
morphisms of the paracontact metric structure (ψ, ξ, η, g). Therefore ΠL1 and ΠL2
may be considered as invariants of the given paracontact metric structure (ψ, ξ, η, g)
and they can be easily used for classifying paracontact metric structures according
to the flatness, degeneracy or non-degeneracy of ΠL1 and ΠL2 . A further criterion
is the integrability/non-integrability of each of the Legendrian distributions L1 and
L2. For instance, we have the class given by those paracontact metric structures
such that the induced almost bi-Legendrian structure is integrable and flat. By
Corollary 3.4 this class corresponds to para-Sasakian structures. The total number
of classes amounts to 36.
The study of the interplays between paracontact and bi-Legendrian manifolds is
also motivated by the following theorem, whose consequences will be discussed in
the sequel.
Theorem 3.6. Let (M, η, L1, L2) be an almost bi-Legendrian manifold and
let (ψ, ξ, η, g) be the canonical paracontact metric structure induced onM , according
to Theorem 3.1. Let ∇bl and ∇pc be the corresponding bi-Legendrian and canonical
paracontact connections. Then
(a) ∇blψ = 0, ∇blg = 0;
(b) the bi-Legendrian and the canonical paracontact connections coincide if and
only if the induced paracontact metric structure is integrable.
Proof. (a) For any V ∈ Γ(TM), X ∈ Γ(L1), Y ∈ Γ(L2) one has
(∇blV ψ)X = ∇blV ψX − ψ∇blVX = ∇blVX −∇blVX = 0
and
(∇blV ψ)Y = ∇blV ψY − ψ∇blV Y = −∇blV Y +∇blV Y = 0,
since ∇bl preserves L1 and L2. Moreover, (∇blV ψ)ξ = ∇blV ψξ − ψ∇blV ξ = 0, since
∇BCξ = 0. Then, from the fact that ∇blψ = 0, ∇blη = 0 and ∇bldη = 0, we have
for all X,Y, Z ∈ Γ(TM)
(∇blXg)(Y, Z) = X(dη(Y, ψZ) + η(Y )η(Z)) − dη(∇blXY, ψZ)− dη(Y, ψ∇blXZ)
= (∇blXdη)(Y, ψZ) + (∇blXη)(Y )η(Z) + η(Y )(∇blXη)(Z) = 0.
(b) We have to check that the bi-Legendrian connection of (M, η, L1, L2) satisfies
the statements (i)–(v) of Theorem 2.8. By Proposition 2.5 and the definition of
∇bl we have ∇blξ = ∇blη = 0 and, by (a), ∇blg = 0. Taking the properties of the
torsion tensor field, (iii) of Theorem 2.4 and (iv) of Theorem 2.8 into account, we
have that T bl(X,Y ) = 2dη(X,Y )ξ = T pc(X,Y ) for all X ∈ Γ(L1) and Y ∈ Γ(L2),
and, by (2.5), (3.2),
T pc(X, ξ) = −ψhX = hψX = hX = [ξ,X ]L2 = T bl(X, ξ),
T pc(Y, ξ) = −ψhY = hψY = −hY = [ξ, Y ]L1 = T bl(Y, ξ).
Next, by Proposition 2.5 we have that, for any X,X ′ ∈ Γ(L1), Y, Y ′ ∈ Γ(L2),
T bl(X,X ′) = −[X,X ′]L2 , T bl(Y, Y ′) = −[Y, Y ′]L1 , and T pc(X,X ′) =
2dη(X,X ′)ξ = 0, T pc(Y, Y ′) = 2dη(Y, Y ′)ξ = 0, so that the torsion tensor fields
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of the two connections ∇bl and ∇pc coincide if and only if the Legendrian distri-
butions L1 and L2 are involutive. In view of Corollary 3.3 this is equivalent to the
integrability of the induced paracontact metric structure. Finally, by virtue of (a),
the bi-Legendrian connection satisfies (ii) of Theorem 2.8 if and only if ∇pcψ = 0.
But, by Theorem 2.9, that last condition is equivalent to the integrability of the
paracontact metric structure. The theorem is thus completely proved. 
Corollary 3.7. Any bi-Legendrian manifold (M, η,F1,F2) admits a canonical
paracontact metric structure whose paracontact connection coincides with the bi-
Legendrian connection of (M, η,F1,F2).
Remark 3.8. Note that the explicit definition of the bi-Legendrian connection,
which we have recalled in § 2.1, is rather involved. Thus Corollary 3.7 clarifies
its nature: the bi-Legendrian connection can be seen as the canonical paracontact
connection of an integrable paracontact metric structure. Moreover, by (2.4), we
can also deduce a relation between the bi-Legendrian connection and the Levi-Civita
connection.
Theorem 3.1 and its corollaries yield some consequences for the theory of para-
contact manifolds, especially for para-Sasakian geometry. Indeed many of the
known results about bi-Legendrian manifolds may be transported to the induced
paracontact metric structure. A crucial role in such matters is played by the rela-
tions between the bi-Legendrian and the canonical paracontact connection proved
in Theorem 3.6.
We recall that the bi-Legendrian connection of an almost bi-Legendrian manifold
(M, η, L1, L2) is said to be tangential ([8]) if its curvature tensor field satisfies
Rbl(X,Y ) = 0 for all X ∈ Γ(L1) and Y ∈ Γ(L2). The geometric meaning of
tangentiality is explained in [8], where some strong consequences on the geometry
of the manifold are proved. Then we have the following results.
Proposition 3.9. Let (M,ψ, ξ, η, g) be a (2n+1)-dimensional K-paracontact man-
ifold. Suppose that one among T+ and T− is integrable and the associated bi-
Legendrian connection is tangential. Then Pontj(TM) vanishes for j > n, where
Pont(TM) denotes the Pontryagin algebra of the bundle TM .
Proof. The assertion follows by applying [8, Theorem 5.4] to the flat almost
bi-Legendrian structure induced on M by the K-paracontact structure (ψ, ξ, η, g)
according to Corollary 3.2. 
Proposition 3.10. Let (M,ψ, ξ, η, g) be a compact connected K-paracontact man-
ifold. Suppose that T+ (respectively, T−) is integrable and the corresponding bi-
Legendrian connection is tangential. If the leaves of the foliation defined by T+
(respectively, T−) are complete affine manifolds (with respect to the bi-Legendrian
connection), then the subbundle T−⊕Rξ (respectively, T+⊕Rξ) is an Ehresmann
connection, in the sense of [6], for the foliation defined by T+ (respectively, T−).
Proof. The assertion follows from [8, Theorem 6.2]. 
Corollary 3.11. Let (M,ψ, ξ, η, g) be a compact connected para-Sasakian manifold.
Assume that the canonical paracontact connection ∇pc is tangential and the leaves
of the foliation defined by T+ (respectively, T−) are complete affine manifolds with
respect to ∇pc. Then the subbundle D− = T− ⊕ Rξ (respectively, D+ = T+ ⊕ Rξ)
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is an Ehresmann connection for the foliation defined by T+ (respectively, T−).
Furthermore, the universal covers of any two leaves of T+ (respectively, T−) are
isomorphic and the universal cover M˜ of M is topologically a product L˜+ × D˜−
(respectively, L˜− × D˜+), where L˜+ (respectively, L˜−) is the universal cover of the
leaves of T+ (respectively, T−) and D˜− (respectively, L˜+) is the universal cover of
the leaves of the foliation defined by D− (respectively, D+).
Proof. The proof follows from Proposition 3.10 and Corollary 6.7, 6.9 in [8], taking
into account that T+ and T− are involutive and flat and, by Theorem 3.6, the
bi-Legendrian and the canonical paracontact connections coincide. 
Proposition 3.12. Let (M,ψ, ξ, η, g) be a para-Sasakian manifold. Then the
canonical paracontact connection is flat along the leaves of the foliations defined
by the eigendistributions T+ and T−.
Proof. Since M is para-Sasakian, the paracontact structure (ψ, ξ, η) is normal, in
particular integrable. Hence by Theorem 3.6 the canonical paracontact connec-
tion ∇pc coincides with the bi-Legendrian connection ∇bl of the induced flat bi-
Legendrian structure defined by (T+, T−), according to Corollary 3.4. Then by
applying Proposition 2.5 we get the result. 
Corollary 3.13. Let (M,ψ, ξ, η, g) be a para-Sasakian manifold. Then the leaves
of the foliations defined by the eigendistributions T+ and T− and the leaves of the
foliations defined by T+⊕Rξ and T−⊕Rξ admit a canonical (flat) affine structure.
Proof. The first part is a direct consequence of Proposition 3.12. We prove that
the leaves of the foliations defined by T+ ⊕ Rξ and T− ⊕ Rξ admit a canonical
(flat) affine structure. Indeed, by (2.5) the torsion of the canonical paracontact
connection satisfies T pc(Z,Z ′) = 2dη(Z,Z ′) = −η([Z,Z ′]) = 0 for all Z,Z ′ ∈ Γ(T±)
and T pc(Z, ξ) = ±hZ = 0 for all Z ∈ Γ(T±), since the distributions T+ and T− are
integrable and h = 0,M being para-Sasakian. Moreover by Theorem 3.6∇pc = ∇bl,
hence using Proposition 2.5, we have that Rpc(Z, ξ) = 0 for all Z ∈ Γ(T±). Thus
the connection induced by the canonical paracontact connection on the leaves of
the foliations defined by T+ ⊕ Rξ and T− ⊕ Rξ provides the desired flat affine
structure. 
4. Examples and remarks
In this section we shall present some wide classes of examples of bi-Legendrian
manifolds and thus, in turn, again by Theorem 3.1, of paracontact metric struc-
tures. Moreover we prove a theorem of local equivalence for ∇pc-flat paracontact
manifolds. Let us begin with a method for constructing new almost bi-Legendrian
structures from a given Legendrian distribution.
4.1. Conjugate Legendrian foliation. Let L be a Legendrian distribution on
a contact manifold (M, η). We show that there exists at least one Legendrian
distribution on M transversal to L. Indeed, since (M, η) is a contact manifold it
admits a Riemannian metric G and a (1, 1)-tensor field φ satisfying
(4.1) φ2 = −I + η ⊗ ξ,G(φX, φY ) = G(X,Y )− η(X)η(Y ), G(X,φY ) = dη(X,Y )
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for all X,Y ∈ Γ(TM) (cf. [5]). G is in fact an associated metric (§ 2.1). Note that
from (4.1) it follows that
(4.2) G(X,Y ) = −dη(X,φY ) + η(X)η(Y ).
Let Q be the distribution defined by Q := φL = D ∩ L⊥. As a matter of fact Q is
a Legendrian distribution on M called the conjugate Legendrian distribution of L
with respect to the contact metric structure (φ, ξ, η,G) ([17]). Thus (L,Q) defines
a G-orthogonal almost bi-Legendrian structure on M . It should be remarked that
under the assumption that ξ is Killing, if L is flat, degenerate or non-degenerate
then also its conjugate is flat, degenerate or non-degenerate, respectively ([17]).
Proposition 4.1. Let L be a Legendrian distribution on a contact manifold (M, η)
and let Q be its conjugate Legendrian distribution. Then starting from (L,Q) one
can define infinitely many almost bi-Legendrian structures on (M, η).
Proof. Let (ψ, ξ, η, g) be the paracontact metric structure associated with the al-
most bi-Legendrian structure (L,Q). Note that
(4.3) φ ◦ ψ = −ψ ◦ φ.
Indeed, for any X ∈ Γ(L) = Γ(T+), φψX = φX = −ψφX and, for any Y ∈
Γ(Q) = Γ(T−), φψY = −φY = −ψφY , since φL = Q and φQ = L. Finally,
φψξ = 0 = −ψφξ. Now, let α, β ∈ R such that α2 + β2 = 1 and let ψα,β be
the tensor field of type (1, 1) defined by ψα,β = αψ + βφ ◦ ψ. One has, for any
X ∈ Γ(TM),
ψ2α,βX = α
2ψ2X + αβψφψX + βαφψ2X + β2φψφψX
= α2X − α2η(X)ξ − αβφX + αβφX + β2X − β2η(X)ξ
= X − η(X)ξ.
Thus (ψα,β , ξ, η) is an almost paracontact structure on M and the eigenspace dis-
tributions T+α,β and T
−
α,β of ψα,β |D define an almost bi-Legendrian structure on M .
Indeed, let X and X ′ be two sections of T+α,β . So X = ψα,βX = αψX + βφψX and
X ′ = ψα,βX
′ = αψX ′ + βφψX ′. Then we have
dη(X,X ′) = α2dη(ψX,ψX ′) + αβdη(ψX, φψX ′) + βαdη(φψX,ψX ′)
+ β2dη(φψX, φψX ′)
= −α2dη(X,X ′) + αβdη(X,φX ′) + αβdη(φX,X ′)− β2dη(X,X ′)
= −dη(X,X ′),
so that dη(X,X ′) = 0. Analogously one can prove that dη(Y, Y ′) = 0 for all
Y, Y ′ ∈ Γ(T−α,β). 
An interesting case occurs when (M,φ, ξ, η,G) is a Sasakian manifold. We have
in fact the following result.
Theorem 4.2. Let (M,φ, ξ, η,G) be a Sasakian manifold endowed with a flat Leg-
endrian distribution L. Let Q = φL be its conjugate Legendrian distribution. Sup-
pose that the generalized Tanaka-Webster connection ∇TW preserves the distribu-
tion L. Then we have:
(i) L and Q are integrable and ∇TW coincides with the bi-Legendrian connec-
tion ∇bl corresponding to the bi-Legendrian structure (L,Q).
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(ii) The induced paracontact metric structure (ψ, ξ, η, g) is para-Sasakian and
the distributions T+α,β and T
−
α,β are integrable.
(iii) The canonical paracontact connection of (ψ, ξ, η, g) coincides with the gen-
eralized Tanaka-Webster connection of (φ, ξ, η,G).
Proof. The first part of the statement has been proved in [9]. Next, that the
paracontact metric structure (ψ, ξ, η, g) is para-Sasakian follows from Corollary
3.4, taking into account that L and Q are integrable and flat. We prove that the
Legendrian distributions T±α,β , corresponding to the almost paracontact structures
(ψα,β , ξ, η) defined above are involutive. For any X,X
′ ∈ Γ(T+α,β) we have, by (2.1)
and (2.3),
ψα,β [X,X
′] = αψ∇XX ′ + βφψ∇XX ′ − αψ∇X′X − βφψ∇X′X
= −α(∇Xψ)X ′ + α∇XψX ′ − βφ(∇Xψ)X ′ + βφ∇XψX ′
+ α(∇X′ψ)X − α∇X′ψX + βφ(∇X′ψ)X − βφ∇X′ψX
= αg(X,X ′)ξ − αη(X ′)X + α∇XψX ′ + βg(X,X ′)φξ − βη(X ′)φX
− β(∇Xφ)ψX ′ + β∇XφψX ′ − αg(X,X ′)ξ + αη(X)X ′ − α∇X′ψX
− βg(X,X ′)φξ + βη(X)φX ′ + β(∇X′φ)ψX − β∇X′φψX
= ∇Xψα,βX ′ − βg(X,ψX ′)ξ + βη(ψX ′)X −∇X′ψα,βX
+ βg(X ′, ψX)ξ − βη(ψX)X ′
= ∇XX ′ −∇X′X − 2βdη(X,X ′)ξ
= [X,X ′]
since dη(X,X ′) = 0, T+α,β being a Legendrian distribution. By a similar argument
one can prove also the integrability of T−α,β. Thus (ii) is proved. Finally, since
(ψ, ξ, η, g) is para-Sasakian, by Theorem 3.6 the canonical paracontact connection
coincides with the bi-Legendrian connection of (M, η, L,Q), which in turn, by (i),
coincides with the generalized Tanaka-Webster connection of the Sasakian structure
(φ, ξ, η,G). 
4.2. Unit cotangent bundles. Another way for attaching to a given Legendrian
distribution L a transversal Legendrian distribution is proposed, by an intrinsic
construction, in [20] and [19] under the assumption of the integrability and non-
degeneracy of L. So let F be a non-degenerate Legendrian foliation. One defines
an operator SF : D −→ D by setting SF = 12 (iD −Lξλ), where λ is the tensor field
of type (1, 1) on M such that Π(λZ,X) = dη(Z,X) for all Z ∈ Γ(TM) and X ∈
Γ(TF). Then the image of SF is a Legendrian distribution of (M, η) transversal
to F . In particular, that construction applies to unit cotangent bundles. Let M
be a (n + 1)-dimensional smooth manifold with local coordinates (x1, . . . , xn+1).
Then qi = xi ◦pi and pi, i ∈ {1, . . . , n+ 1}, are coordinates on the cotangent bundle
T ∗M , where (p1, . . . , pn+1) are fiber coordinates and pi : T
∗M −→ M denotes the
projection map. The Liouville form on T ∗M is then defined in coordinates by β =∑n+1
i=1 pidqi. Now let F : T
∗M −→ [0,+∞[ be a function such that F (tv) = tF (v)
for all t ≥ 0 and v ∈ T ∗M . Then the set S∗FM = {v ∈ T ∗M |F (v) = 1} is a (2n+1)-
dimensional submanifold of T ∗M called unit cotangent bundle. The Liouville form
β on T ∗M pulls-back to a contact form ηF on S
∗
FM and the connected components
of the fibers of the projection pi : S∗FM −→M define a Legendrian foliation FF on
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S∗FM . The computation in coordinates of the invariant ΠFF yields that it is the
restriction to the tangent bundle of FF of the symmetric form
ΠFF =
n+1∑
i,j=1
∂2F
∂pi∂pj
dpi ⊗ dpj .
So if the Hessian matrix
{
∂2F
∂pi∂pj
}
is not singular then FF defines a non-degenerate
Legendrian foliation on S∗FM . Thus with the notation above we set QF := Im(SFF )
defining in this way a canonical almost bi-Legendrian structure on the unit cotan-
gent bundle S∗FM . For example, if F is the norm defined by a Riemannian metric
g on M , then S∗FM is the cotangent sphere bundle S
∗
gM = T
∗
1M on M and the
Legendrian foliation Fg on T ∗1M is clearly non-degenerate. By a result of Pang ([20,
Proposition 5.30]) any positive definite Legendrian foliation is locally equivalent to
one of the form FF with F a Finslerian metric onM . In particular this implies the
following theorem.
Proposition 4.3. Let F be a positive definite Legendrian foliation on a con-
tact manifold (M, η). Then the almost bi-Legendrian manifold (M, η, TF , QF),
where QF = Im(SF ), is locally equivalent to the almost bi-Legendrian manifold
(S∗
F
M, ηF ,FF , QF ) for some Finslerian metric F on M .
4.3. Standard bi-Legendrian structure on R2n+1. A standard example of
paracontact metric manifold is the following. Consider in R2n+1 with global coor-
dinates x1, . . . , xn, y1, . . . , yn, z, the (1,1)-tensor field ψ represented by the matrix

−In 0 0
0 In 0
−yi 0 0


and put η = dz −∑ni=1 yidxi and ξ = ∂∂z . A straightforward computation shows
that (ψ, ξ, η) defines an almost paracontact structure on R2n+1. Moreover, one can
consider the semi-Riemannian metric g given by

yiyj
1
2δij −yi
1
2δij 0 0
−yj 0 1


and check that g is a compatible metric and (R2n+1, ψ, ξ, η, g) is in fact a para-
Sasakian manifold. The corresponding bi-Legendrian structure on (R2n+1, η) is
given by the integrable Legendrian distributions spanned by {X1, . . . , Xn} and by
{Y1, . . . , Yn}, where, for each i ∈ {1, . . . , n}, Xi := ∂∂yi and Yi := ∂∂xi + yi ∂∂z . It is
called the standard bi-Legendrian structure on R2n+1 (cf. [7]). One can verify that
the canonical paracontact connection is flat. Now we prove that, in a certain sense,
also the converse holds.
Proposition 4.4. Let (M,ψ, ξ, η, g) be a para-Sasakian manifold. If the canonical
paracontact connection is everywhere flat, then (M,ψ, ξ, η, g) is locally isomorphic
to the standard paracontact metric structure of R2n+1.
Proof. Let us suppose that the canonical paracontact connection ∇pc of
(M,ψ, ξ, η, g) is flat. By Theorem 3.6 ∇pc coincides with the bi-Legendrian connec-
tion associated with the flat bi-Legendrian structure defined by (T+, T−). Thus,
by applying [7, Theorem 4.2], we have that this bi-Legendrian structure is locally
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equivalent to the standard bi-Legendrian structure on R2n+1. Now the assertion
follows directly from Proposition 3.5. 
4.4. Anosov flows. We recall for the convenience of the reader some definitions.
Let M be a compact differentiable manifold. The flow {ωt} of a non-vanishing
vector field ξ onM is said to be an Anosov flow (or ξ to be an Anosov vector field)
if there exist subbundles Es and Eu which are invariant along the flow and such
that TM = Es ⊕ Eu ⊕ Rξ and there exists a Riemannian metric such that
|ωt∗v| ≤ a exp(−ct)|v| for all t ≥ 0 and v ∈ Esx,(4.4)
|ωt∗w| ≤ a exp(ct)|w| for all t ≤ 0 and w ∈ Eux ,
where a, c > 0 are constants independent of x ∈ M and v ∈ Esx, w ∈ Eux . The
subbundles Es and Eu are called the stable and unstable subbundles. D. V. Anosov
proved that they are integrable and that also Es ⊕Rξ and Eu ⊕Rξ are integrable
([3]). Now let (M,φ, ξ, η,G) be a contact metric manifold for which the Reeb
vector field is Anosov. Then (Es, Eu) defines a bi-Legendrian structure on M .
Moreover, the invariance of Es and Eu with respect to the flow can be expressed
in terms of Legendrian foliations just by the flatness of (Es, Eu). Note that the
paracontact metric structure induced on M is in fact para-Sasakian. Hence ξ is
Killing with respect to the semi-Riemannian metric of the canonical paracontact
metric structure induced on M by that bi-Legendrian structure, even if it can
never be Killing with respect to the associated metric G in view of (4.4). The most
notable example of a contact manifold for which the Reeb vector field is Anosov is
the tangent sphere bundle of a negatively curved manifold.
4.5. Contact metric (κ, µ)-spaces. Let (M,φ, ξ, η,G) be a contact metric (κ, µ)-
space, that is a contact metric manifold satisfying
R(X,Y )ξ = κ(η(Y )X − η(X)Y ) + µ(η(Y )h¯X − η(X)h¯Y )
for some constants κ, µ ∈ R, where 2h¯ denotes the Lie derivative of φ in the di-
rection of ξ. These manifolds have been introduced and deeply studied by D. E.
Blair, T. Kouforgiorgos and B. J. Papantoniou in [4]. The authors proved that
necessarily κ ≤ 1 and κ = 1 if and only if M is Sasakian. Then for κ < 1
the structure is not Sasakian and M admits three mutually orthogonal integrable
distributions D(0) = Rξ, D(λ) and D(−λ) corresponding to the eigenspaces of
h¯, where λ =
√
1− κ. Therefore (M, η,D(λ),D(−λ)) is a bi-Legendrian manifold.
The induced paracontact metric structure is integrable and thus the canonical para-
contact and the bi-Legendrian connections coincide. Moreover by a result in [10]
those connections parallelize also φ, h¯ and G. The standard example of a contact
metric (κ, µ)-space is given by the tangent sphere bundle of a Riemannian manifold
of constant sectional curvature.
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